Abstract. The entanglement of two qubits, each defined as an effective twolevel, spin 1/2 system, is investigated for the case that the qubits interact via a Heisenberg XY interaction and are subject to decoherence due to population relaxation and thermal effects. For zero temperature, the time dependent concurrence is studied analytically and numerically for some typical initial states, including a separable (unentangled) initial state. An analytical formula for nonzero steady state concurrence is found for any initial state, and optimal parameter values for maximizing steady state concurrence are given. The steady state concurrence is found analytically to remain non-zero for low, finite temperatures. We also identify the contributions of global and local coherence to the steady state entanglement.
Introduction
Entanglement is a property of correlated quantum systems that cannot be accounted for classically. Entangled states of distinct (possibly interacting) quantum systems, which are those that cannot be factorized into product states of the subsystems, are of fundamental interest in quantum mechanics. The production of pairwise entangled states is an essential requirement for the operation of the quantum gates that make quantum information and quantum computation possible [1] . Considerable attention has been devoted to interacting Heisenberg spin systems [2, 3, 4, 5] , which serve as a model for various solid state [6, 7, 8] or NMR [9, 10] quantum computation schemes and for simulating magnetic phenomena in condensed matter systems using atoms in optical lattices [11, 12] . Indeed, general Hamiltonians that include Heisenberg spin-spin interactions have been proposed as "generic" [13] or "ideal" [14] model Hamiltonians for quantum computation systems. A key question for entangled quantum states is the effect of decoherence due to the environment (see, e.g., [15, 16, 17, 18, 19] and references therein), which is not only a fundamental issue for quantum computation devices [20, 21] but also for the relation between quantum and classical physics [16, 22] . Although there have been many investigations of decoherence in recent years, careful investigation of well-understood model systems continue to produce surprises that add to fundamental understanding. For example, Yu and Eberly [23] have recently shown that the entanglement of a pair of noninteracting qubits in the presence of spontaneous decay of the upper states may decohere in a finite time instead of exponentially.
In this paper we examine decoherence due to both population relaxation and thermal effects for an entangled (and interacting) two qubit system. The Hamiltonian for our two-qubit system has the form of the well-known Heisenberg XY model for two interacting spins in the presence of an external magnetic field, where the effective magnetic field is defined by the energy separation of the two-level system that we associate with each (spin 1/2) qubit. As noted above, this form of Hamiltonian is very common in models for quantum computing [11, 12, 13, 14] . Our analysis of decoherence complements that of Ref. [23] by examining a system in which the qubits interact. For our two-qubit model system at zero temperature, we find that for any initial state, including the common one in which the two qubits are initially unentangled, the system reaches a steady state of pairwise entanglement in spite of population relaxation. The extent of steady-state entanglement is sensitive to both the spatial anisotropy of the interaction between qubits and to the energy level separation of the two levels associated with each qubit. To the extent that these two parameters can be varied in some particular physical realization of our model system, the magnitude of steady state entanglement may thus be controlled. We analyze both analytically and numerically the time-dependent evolution of the entanglement (as measured quantitatively by the concurrence [24, 25] ) of our model two-qubit system for some typical initial states: a pure, separable initial state; a pure, entangled initial state; and a mixed initial state. We also obtain an analytic formula for the steady state concurrence that shows its dependence on both the system parameters and the decoherence rate and that enables us to specify optimal values for these parameters to achieve the maximum possible concurrence. In a separate section, we consider the case of finite temperature and present an analytic formula for the concurrence, which remains non-zero over a finite range of low temperatures. In our concluding section, we discuss some implications of these results.
Two-Qubit Hamiltonian
We note that the Hamiltonian of a Heisenberg chain of N spin 1 2 particles with nearestneighbor interactions is [5] :
where S α n = 1 2 σ n α (α = x, y, z) are the local spin 1 2 operators at site n, the σ n α operators are the Pauli matrices at site n, the periodic boundary condition S N +1 = S 1 applies, andh = 1. For arbitrary J α 's, the Heisenberg chain is often called the XY Z model. The chain is said to be antiferromagnetic for J α > 0 and ferromagnetic for J α < 0. The XY (J z = 0) and the Heisenberg-Ising (J y = J z = 0) interactions have been analyzed for nuclear spin systems [9] , in particular for nuclear magnetic resonance approaches to quantum computation (see, e.g., Section 7.7 of Ref. [10] ).
The Hamiltonian H for an anisotropic two-qubit Heisenberg XY system in an (effective) external magnetic field ω along the z-axis is:
where J = (J x + J y )/2, ∆ = (J x − J y )/2, and S ± = S x ±iS y are the spin raising and lowering operators. The first term in the Hamiltonian describes the energy of the spins in the effective external magnetic field. This effective field is defined by the energy levels of our qubits: we assume that each of our two qubits represents an identical two level system whose two energies are defined by ±ω/2. The spin interaction Hamiltonian, described by the second and the third terms in Eq. (2), produces the coherence of the two qubits that is necessary for their entanglement in the presence of decoherence. As shown below, the third term, whose magnitude is proportional to the parameter ∆, which describes the spatial anisotropy of the spinspin interaction, is essential for the production of steady state entanglement.
Time Evolution of the Concurrence at Zero Temperature
The time evolution of the system for zero temperature, T = 0, is given by the following master equation (see, e.g., [26, 27] and Section 8.4.1 of [10] ):
Here ρ is the density matrix, which in the presence of population relaxation represents the mixed state of the system. The Lindblad super operator D [28] is defined by
, which describes the population relaxation of the upper state of each qubit due to the environment; γ is the phenomenological rate of population relaxation, which for simplicity is assumed to be the same for each of the two qubits (i.e., we assume each qubit has the same interaction with the environment). As discussed below, the assumption of a single decay rate, γ, requires us to place restrictions on the magnitude of the coupling between qubits.
Entanglement is increasingly regarded as a physical resource of a quantum information system (see, e.g., Section 12.5 of Ref. [10] ) and many measures for quantifying entanglement have been developed (see, e.g., [24, 25, 29, 30, 31, 32] ). Since decoherence processes cause the system state to become mixed, we use the measure of entanglement termed concurrence [24, 25] . For a system described by the density matrix ρ, the concurrence C is
where λ 1 , λ 2 , λ 3 , and λ 4 are the eigenvalues (with λ 1 the largest one) of the "spinflipped" density operator R, which is defined by
where ρ * denotes the complex conjugate of ρ and σ y is the usual Pauli matrix. C ranges in magnitude from 0 to 1; nonzero C denotes an entangled state.
The basis states |ψ i for our two-qubit system are the separable product states of the individual qubits:
In general, a two-qubit system is represented by a density matrix having sixteen nonzero elements. For our Hamiltonian, however, the density matrix can be represented as the sum of two submatrices that evolve independently of one another,
i.e., in solving Eq. (3) for ρ(t) the forms of each of the two submatrices in Eq. (7) are preserved. (Note that the second matrix on the right hand side of Eq. (7) does not have the form of a density matrix.) Each of the examples in this paper has an initial density matrix whose form is that of the first matrix on the right of Eq. (7). This limitation is not very restrictive, as unentangled, entangled, and mixed states can all be described. Furthermore, for a state having a density matrix of the form of the first matrix on the right of Eq. (7), the concurrence has the following analytic form:
where
The solutions of the master equation in Eq. (3) simplify by transforming from the product state basis |ψ i in Eq. (6) to the basis of eigenstates |Φ α of the Hamiltonian in Eq. (2),
After transformation, the solutions for each elementρ αα ′ of the density matrix (wherē ρ denotes ρ in the eigenstate basis) can be found analytically. For the interesting special case that both qubits are initially in their ground states (i.e., the system is initially in state |ψ 4 in Eq. (6)), the analytic solutions forρ αα ′ (t) are:
ρ 33 (t) =ρ 22 (t) (15)
where all other matrix elements are zero and where
From Eqs. (13) (14) (15) (16) (17) (18) it is evident that both the off-diagonal (coherence) matrix elementsρ 14 andρ 41 in Eqs. (17) (18) and the diagonal (population) matrix elements ρ αα in Eqs. (13) (14) (15) (16) have terms that oscillate with frequency 2Ω. Note that the coherence matrix elementsρ 14 andρ 41 are non-zero only when the spin-spin interactions are anisotropic (i.e., ∆ = 0); also, the value of Ω is sensitive to this anisotropy (cf. Eq. (11)). From Eqs. (13) (14) (15) (16) (17) (18) it can be seen that the coherence matrix elements have terms that decay at the rate γ while the population matrix elements also have terms that decay at the rate 2γ. Analytic solutions similar to Eqs. (13) (14) (15) (16) (17) (18) can be given for some other initial states.
The assumption of a single decay rate, γ, in the master equation (3) requires some discussion. Owing to the interaction between qubits described by the Hamiltonian (2), the two-qubit energy level structure is altered from that describing noninteracting, identical qubits. Nevertheless, the assumption of a single decay rate, γ, is reasonable provided the interaction does not significantly alter the effective energy level separations, or, more precisely, provided the rotating wave approximation remains valid [33] (see, e.g., pp. 160-161 of Ref. [27] ). The eigenstates in Eq. (10) have the following eigenenergies [4] : the Bell states have eigenvalues ±J while the other eigenstates have eigenvalues ±Ω. Thus if we restrict the magnitudes of the coupling parameter J and the anisotropy parameter ∆ to values such that,
we shall ensure that the energy level separations of the interacting qubit system do not change by more than 10% from that of the non-interacting qubit system. Except where it is explicitly mentioned otherwise, all examples given below have parameter values for which the above inequalities are satisfied. Perhaps surprisingly, the decoherence due to population relaxation does not prevent the creation of a steady state level of entanglement, regardless of the initial state of the system. This is demonstrated in Figs. 1 and 2 , which show the time evolution of the concurrence (cf. Eq. (4)) for three different initial states: (1) An unentangled, separable state, |ψ 4 (cf. Eq. (6)); (2) a completely entangled state, the Bell state |Ψ = 1 √ 2
(|gg − |ee ); and (3) a mixed state, defined as an equal mixture of |ψ 4 and the Bell state |Φ 2 . In Fig. 1 we consider the case that J = ∆ = ω/10, which implies that J y = 0 and which thus corresponds to the "generic" quantum computation model Hamiltonian of Ref. [13] . In Fig. 2 we consider the case that J = ω/10 and that ∆ = 0.458ω, which corresponds to a general case in which J x and J y have opposite signs, which may possibly be achieved for an optical lattice system [11, 12] . For each of the three initial states considered, the corresponding curves in Figs. 1 and 2 give the numerical results for the concurrence defined by Eq. (4), after solving Eq. Eq. (7), the concurrence for each of these states is given also by Eqs. (8) (9) . (Note that discontinuities in the time derivatives of C(t) for the dashed curve in Fig. 1 in the range 2.0 ≤ t ≤ 2.5 stem from the definition in Eq. (4); all density matrix elements are smooth functions of t.) The solid circles on the curves for the initial state |gg in Figs. 1 and 2 give the concurrence obtained from the analytic Eqs. (8-9) (after transforming the analytic expressions in Eqs. (13) - (18) for this state's density matrix ρ αα ′ to ρ ij ). These analytic results coincide with those obtained by direct numerical solution of Eq. (3).
Despite the presence of decoherence, the results in Figs. 1 and 2 show that the concurrence reaches the same steady state value (after some oscillatory behavior) for a given set of system parameters, regardless of the initial state of the system. (This is true even for initial states having non-zero matrix elements belonging to the second matrix on the right of Eq. (7); for our system, such matrix elements vanish in the steady state.) Clearly the Heisenberg spin-spin interaction in Eq. (2) serves to maintain an entangled state despite the presence of decoherence in Eq. (3). We find a steady state concurrence of 0.09309 for the system parameter values chosen in Fig. 1 and a steady state concurrence of 0.28916 for the system parameter values chosen in Fig. 2 .
The analytic expressions for the T = 0 steady state values of ρ ij (t) are as follows: 
The corresponding T = 0 steady state concurrence is found to be:
This result stems from C 1 in Eq. (9) calculated for the separable basis density matrix ρ ij in Eqs. (22) (23) (24) (25) . The steady-state concurrence is seen to depend on the system parameters ω, ∆, and γ (but not on J). Also, γ serves as a scale factor, i.e., C steady depends only on the scaled variables,ω = ω/γ and∆ = ∆/γ. These parameters may be varied in order to maximize C steady . The function C steady (ω,∆) is shown in Fig. 3 ; one sees that the surface has a ridge along which it takes its maximum value. The coordinates of the ridge and the value of C steady on the ridge may be determined analytically. For fixed ω, C steady (cf. Eq. (26)) has its maximum at the following value of ∆:
The solid line in theω-∆ plane of Fig. 3 represents the locus of points∆ max (ω) given by Eq. (27) (upon division by γ). Substitution of ∆ max into Eq. (26) gives the parameter-independent maximum value of the concurrence, represented by the solid line in Fig. 3 along the ridge of C steady :
Eq. (26) into account the restrictions on the parameter values imposed by the conditions in Eqs. (20) and (21) that are necessitated by our assumption of a single decay rate, γ. Nevertheless, one sees for the example plotted in Fig. 2 that there do exist values of the parameters that satisfy Eqs. (20) and (21) for which one obtains a steady state level of concurrence that is close to the global maximum value given by Eq. (28) (and shown by the solid line in Fig. 3 ).
Temperature Dependence of the Steady State Concurrence
It is of interest to examine how the steady state entanglement obtained for zero temperature in the prior section changes when the temperature is finite. For simplicity, we assume that each qubit interacts with the same thermal bath. It is known that the equilibrium entanglement must vanish at some finite temperature [34] . In order to examine the effect of thermal decoherence on the entanglement for our system we consider the following master equation [35, 36] :
wheren, the average excitation of the thermal bath, parametrizes the temperature. Note thatn is zero at zero temperature, whereupon one observes that Eq. (29) reduces to Eq. (3); also,n becomes infinite as the temperature becomes infinite. The master equation (29) may be solved to obtain the following analytic expressions for the steady state density matrix of our system:
In the limit of zero temperature (i.e.,n → 0), the density matrix elements in Eq. (30) reduce to the results in Eqs. (22) - (25) . In the limit of infinite temperature (i.e., n → ∞), the density matrix becomes diagonal, with each diagonal element equal to 1/4, indicating, as expected [34] , that all entanglement vanishes. The concurrence may be calculated for the finite temperature, steady-state density matrix in Eq. (30) to obtain:
where all system parameters have been normalized by the relaxation rate γ:∆ = ∆/γ, ω = ω/γ, andΩ = Ω/γ = √ω 2 +∆ 2 (cf. Eq. (11)). In the limit of zero temperature (i.e.,n → 0), the concurrence in Eq. (31) reduces to that in Eq. (26) . The behavior of this finite temperature, steady state concurrence is shown in Fig. 4 for the same two sets of system parameters considered in Figs. 1 and 2 respectively. One sees that both curves decrease with increasingn until eventually the concurrence vanishes at a finite value ofn, as expected [34] . One sees also that the larger the value of the interaction asymmetry parameter∆, the larger the value of the concurrence at any finite value of n. For any fixed temperature (i.e.,n), as the effective magnetic field,ω, increases, the concurrence takes a finite, non-zero value. In the limitω → ∞, one has thatn → 0 and C → |∆|/ω. This decrease withω −1 as well as the fact that C ≥ 0 only if∆ = 0 is consistent with the results of Ref. [4] .
Discussion and Conclusions
Quantum coherence is a necessary requirement for the existence of entanglement. One may define coherence existing in a single qubit as "local coherence" while coherence between two qubits A and B may be defined as "global coherence" [23] . How do local and global coherence relate to entanglement? The answer for our model system may be understood by considering the relation between a general two-qubit density matrix, ρ AB , and the reduced density matrices, ρ A and ρ B , for each of the two qubits, where ρ A = tr B (ρ AB ) is obtained by tracing over the degrees of freedom of qubit B, and similarly for ρ B . In our model, after doing partial traces, we find that in the steady state the local coherence of each qubit is zero, i.e., ρ A and ρ B are diagonal matrices. However, there exist global coherence terms for our system (i.e., ρ 14 and ρ 41 ) that are non-zero, indicating that global, not local, coherence is responsible for this system's entanglement. For time t > 0, ρ 14 and ρ 41 for our system are always non-zero; ρ 23 and ρ 32 may be non-zero for finite times, but vanish in the steady state. Ref. [23] considered a decohering system of two entangled (but non-interacting) qubits. In Figure 4 . Plots of the finite temperature, steady state concurrence (cf. Eq. (31)) as a function of the average thermal excitation function,n, for the same two sets of system parameters as in Figs. 1 and 2 . The curve in the lower left corner of the figure corresponds to the same system parameters as in Fig. 1 ; the curve close to the diagonal corresponds to the same system parameters as in Fig. 2 . Note that atn = 0 both curves begin at the steady state values of the concurrence shown in Figs. 1 and 2. that system, both local and global coherence vanished in the asymptotic time limit; however, in some cases, the latter vanished for finite times [23] .
_
An interesting question regarding the steady state of our model system is whether or not it is a decoherence-free subspace [37] . Typically, a decoherence-free subspace is defined to be one for which the decoherence terms in the system's master equation vanish [38] . For our system, this would mean that the second and third terms on the right of Eq. (3) vanish for the case of zero temperature or, for the case of finite temperature, that all terms except for the first one on the right of Eq. (29) vanish. However, in our system, the decoherence terms in Eqs. (3) and (29) do not vanish; rather the sum of all terms on the right hand sides of these two master equations vanish. This implies that population relaxation and thermal decoherence (in the case of finite temperature) are competing with the spin-spin interaction terms to create a steady state level of entanglement, as measured by the concurrence.
We note, finally, that a somewhat different model system studied by S. Montangero, G. Benenti, and R. Fazio [39] has found results for the pairwise concurrence that are somewhat similar to those we find for our system. Specifically, they have considered the entanglement of a pair of spins within a qubit lattice in which there is disorder in the spin-spin couplings. They have identified a regime in which the pairwise concurrence is stable against such disorder in the couplings and has a value in the range of 0.2-0.3 [39] . We note that the numerical maximum for their "saturation value" of the concurrence is quite close to the analytical maximum we have derived in this paper (cf. Eq. (28)). It is interesting to observe that our analytic result for the maximum value of the steady state concurrence is constant for a range of system parameters (cf. Eqs. (27) - (28)). Whether or not this analytical maximum holds also for other systems, such as the different one considered in [39] , is an open question.
In summary, we have provided a detailed analytical and numerical analysis of decoherence for an interacting two-qubit model system having a Hamiltonian identical in form to that for the well-known two-qubit Heisenberg XY spin 1/2 system in the presence of an (effective) external uniform magnetic field. For T = 0, we have presented an analytic solution for the evolution of entanglement, measured by concurrence, for the case that both qubits are initially in their ground states; we have presented also numerical solutions for two other typical initial states. We find that our system is robust against decoherence: a steady state level of entanglement, controllable by the values of the system parameters, is always reached for zero or finite, low temperatures. For the T = 0 case, we have defined this steady state analytically and obtained the parameter values that maximize its entanglement. For T > 0, the steady state level of entanglement is found to vanish at a finite temperature. Since our model interaction Hamiltonian describes also mesoscopic objects that interact via their spins (e.g., cf. Ref. [40] ), it may be that a certain level of entanglement is robust against decohering interactions with an environment even for such objects. As noted by Ghosh et al. [41] , even "the slightest degree of entanglement can have profound effects" on the properties of mesoscopic spin systems.
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